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A closed-form analytical description of the deformation in a fully clamped, homogeneous, and isotropic rect-
angular plate subjected to transverse impact is presented. This solution is developed for use in the design of
impact location and magnitude measurement methodologies. The solution is used to design two artificial neural

network-based impact location techniques.

1. Introduction

NE of the targeted technologies in the smart structures area

is the health monitoring of structural systems. Of particu-
lar interest is the location of low-velocity impacts on structures
constructed from plates and shells. Development of impact loca-
tion techniques, however, is in many cases a time consuming pro-
cess. Analytical techniques can be used to make impact detection
development more economical by assessing the feasibility of tech-
niques prior to experimental implementation. This paper describes a
method of modeling the response of a fully clamped homogeneous
and isotropic rectangular plate subjected to transverse impact for
just such a purpose. This paper focuses on homogeneity, both as a
first step in the progression toward laminate composite applications
and because of the direct relevance of homogeneous plate structures
in spacecraft applications. In the latter case, vehicles in low Earth
orbit are subject to space debris impact, which in some cases can be
sufficiently energetic to cause perforation.'

Roughly speaking there are two overall approaches one can take in
the impact location and damage detection problems for structures.?
One can apply either direct remote sensing, such as with acoustic
wave techniques, or indirect analytical methods, in which an as-
sessment of location or damage is the output of a model whose
inputs are generated by sensor readings. As an example of the di-
rect approach, Gunther et al.® used the differential signal arrival
times from four sensors mounted on a plate with good success to
triangulate in the location of an impact point to centimeter range ac-
curacy. In Kudva et al.,2 on the other hand, both location and dam-
age (circular hole size in this case) could be inferred from strain
readings of multiple sensors. It was pointed out by Kudva et al.?
that the relationship of inputs and outputs were of such complexity
that the use of a neural network was considered appropriate; in-
deed, Kudva et al.? and Elkordy et al.* reported on the application
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of such a network which was trained on the basis of an analytical
model implemented through finite element analysis. The present
paper takes the latter, analytical approach and, to this extent, is
similar in philosophy to research presented by Kudva et al.2 and
Elkordy et al.*

The suitability of neural networks arises, as mentioned, precisely
when input—output relationships appear in complex patterns; the
underlying dynamics of which are either impractically complicated
or unavailable.>® Some recent applications of neural nets have in-
cluded damage detection to bridge elements,” vibration control,?
and identification of chemical species.’

The plate dynamics model developed in this paper is used to de-
sign a neural network to determine the location of an impact on a
clamped metal plate on the basis of strain readings from sensors.
The purpose of this study is to determine the feasibility of neural
network-based impact location approaches, to establish an archi-
tecture type for the network, to estimate ranges of parameters used
on its training, and to perform these functions without experiments.
An impact location technique that proves successful using the ana-
Iytical data then warrants application with experiments. Analytical
models are used for this evaluation simply because evaluating neu-
ral network-based impact detection methodologies requires a large
number of parametric studies. Finite element or boundary element
methods are less suited for these types of analyses. Toward the
purpose of evaluating impact detection approaches, all data used
for training are generated from an analytical model, analogous to
Kudva et al.2 and Elkordy et al.,* for the time-varying strain pro-
duced by simulated impacts. Values for the average strain are derived
from an expression for the time-varying displacement of an arbitrary
point on the plate. Some of the input data used for training the neural
network takes the form of the Fourier transform of integrated strain
at several sensor locations, the transform being evaluated at a set
of the natural frequencies of the plate. It is convenient to sample
the transform at the plate natural frequencies, since it is expected
that signal amplitudes will be highest there. One of the questions
addressed in this paper concerns the number of modes needed to
train a network. To the same extent it must be understood how many
impact points (and at what resolution) are necessary to train the net-
work. Answering these questions constitutes settling the overriding
issue of whether the whole approach is feasible.

A number of references take up the general question of models for
plate and shell displacement,'*~ 2 but there appears to be no suitably
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comprehensive mathematical representation of the fully clamped
plate which includes damping and relies on the natural frequencies
of the plate. Consequently, such a model is developed in Sec. Il of
this paper. In connection with the general problem of plate and shell
impacts, the reader is referred to Yang,'* Ewins,'* and Schienberg
et al.'’> The compendium provided by Wu et al.’® contains infor-
mation and additional references on the subject of training neural
networks by analytical simulation of damage states.

The plated dynamics are modeled using Laplace transforms in
conjunction with a normal mode expansion technique that uses the
solutions for the natural frequencies and mode shapes!’ as basis
functions in a series expansion. For simplicity, the forces local to
the impact site are assumed to be governed by Hertzian contact even
though the plate is not an infinite half-space. The temporal contact
is given a sharply decreasing exponential form approximating an
impulse function and chosen so that the solution is available essen-
tially in closed form. The time dependence of the solution is handled
by Laplace transforming the governing differential equations, after
which the spatial dependence is solved using the series approach in
the transform domain, and then the inverse is transformed.

II. Analytical Model of Transverse Plate Impact
The results of this paper apply to any isotropic, homogeneous,
fully clamped plate of uniform thickness that obeys, in standard
coordinates, the governing equation

2
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where0 < x < aand0 < y < b are standard Cartesian coordinates,
a and b are the width and height of the plate, w = w(x, y, t) is the
transverse displacement, D is the bending stiffness,!” A is the bihar-
monic operator, p is the density of plate material, 4 is its thickness, ¢
is the damping constant,' and p(x, y, ¢) is the driving function. Spe-
cific assumptions about p(x, y, ¢) are given presently; the form of
p(x,y,t), coupled with the solution u(x, y, ¢), is supposed to stim-
ulate the response of the plate to alow-velocity, nondamaging strike.

A. Eigenfunction Expansion

Itis convenient to express the solution of Eq. (1) as an expansionin
terms of the natural modes of the plate. For the fully clamped plate,
the eigenfunctions w;(x, y) and eigenvalues 7, ({ = 1,2,3,...)
are rather complicated but can be calculated to close accuracy. In
the analysis of Ref. 17 the mode shapes w;(x, y) have, for certain
constants A%Y | the form

wxy) =) Z AD X (Y, (3) @
m=1n=1

where the X, (x) and Y, (y) are eigenfunctions for a clamped beam
problemon 0 < x < a and 0 < y < b, respectively. Specifically,
Xm(x) = Cmd)m(émx/a) and Yn(y) - Dn¢n (eny/b)a where

¢ (z) = cosh(z) — cos(z) — oy [sinh(z) — sin(z)] 3)
where the {¢;} and {«} sequences are determined as the roots of

coshecose = 1 and a= M @)
[sinh(e) — sin(e)]

and where the constants C,, and D,, are chosen so that

/ X,%,(x) dx =a, / Ynz(y) dy=» 3)
0 0

It can be shown that the normalizing constants satisfy
Cy = Dy = | cos(er) — oy sin(er)] (6)

fork=1,2,3,....

It is easy to calculate the ¢, and o4 terms numerically from
Eq. (4); the first three terms of the sequences are o; = 0.98250222,
oy = 1.00077731, az = 0.99996645, ¢; = 1.7300408, ¢, =
7.8532046, e3 = 10.9956078 (Ref. 17). Examining the behavior

of cosh(e) cos(e), it becomes clear that o ~ (2k + 1)7/2, ¢, ~ 1,
and Cy = Dy ~ 1 as k — oo. The coefficients AY), in Eq. (2)
are best thought of as eigenvalues of a characteristic matrix for the
plate. The essential form of the matrix will be given here for com-
pleteness; more details are provided in the Appendix. Let 7; be an
eigenvalue for the undamped biharmonic operator, under clamped
boundary conditions, i.e.,

4 4 4
4 _Bw, Bwl 8w,
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There is a doubly indexed matrix C¥ , whose definition is given in
Eq. (A1), such that if A; is defined by &, = 5a®h (1 = 1,2,3,...)
and if

mn

) 1, m,n) = (i, k

gt _ (m,m) = (i, by ®
0, (m,n) # (@, &)

then the parameters are all linked by

ZZ (ci* —n8k )AD =0 ©)

m=1ln=

where i, k = 1,2, 3, .... Thus, Eq. (9) is an infinite linear system
andthe A, Ay, A3,...are values of A; such that Eq. (9) has a nontrivial
solution {A}, AD 4D A® . see Ref. 17 and the Appendix for
details and an example. Equation (9) is the characteristic equation
for the natural plate modes without damping. The method for solv-
ing Eq. (1), subject to damping, will be given presently. In Eq. (9)
the infinite series is obviously truncated to a finite range; for the
calculations presented in the next section, the index range in Eq. (9)
isl <m,n <4,1 <[ <16. Itis usually convenient to normalize
the coefficients in Eq. (9) by requiring

ZZ A(” (10)

m=1n=1

Having calculated the A; and A® from Eq. (9), one then has the
mode shapes w;(x, ) as in Eq. (2).

B. Solution Method

The most direct way to solve Eq. (1) is by the Laplace transform
method. For this purpose it is convenient to assume that p(x, y, )
has separated variables,

plx, y. t) = po(t)p1(x)p2(y) 1n

Letting Py(s) = L[po()](s) and w(x,y,s) = L{w(x,y, 1)](s) be
the transforms of p, and u, the transform of Eq. (1) is given by

DA*w + csw + phs®w = py(x) p2(y) Po(s) (12)

where s is the Laplace frequency, and w(x, y, 0) = w,(x, y,0) =0
has been assumed. To solve Eq. (1) the right side of Eq. (12) will
be expanded in a series of eigenfunctions w;(x, y). The series for
U(x, y, s) will then be found, essentially by the method of undeter-
mined coefficients, and then u(x, y, t) will be obtained by inverse
transform. Thus, assume the expansions

00
POPO) = Y brwn(x, ¥) (13)
=1
and
o0
W, y,9) =Y Bis)w(x, y) a4
=1
and substitute into Eq. (12). From A*w; = tw; [Eq. (7)] one has

Z Bi(s)[Dutcs+phsJwi(x, y) = fh(s)Zblw,(x ¥ (15)

=1
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Equating coefficients gives

b Py(s)/ ph

B = a e o) + (Dnjoh)

(16)

which becomes, after introducing a = (¢/ph) and b = (D7 /ph),

Bi(s) = bzPo(_S)/P{l _ bIIiO(S)/ph _, an
s2+as+b (s+(d/2)* + B

where B; = (b — a*/4)'/2. The notation in Eq. (17) anticipates
taking the inverse transform of Eq. (17) and reveals (a/2) and B,
to be the damping and natural frequency terms, respectively, for the
plate. Substituting the inverse transform of Eq. (17) into the inverse
transform of Eq. (14) yields

by Po(s)
we .= oL l(m)a)w,cx,y) (18)

1=1

which is the plate response to the forcing function P(x, y,t) =
Po(t)p1(x) p2(¥). The solution given by Eq. (18) is the basic form
used in this paper. The explicit forms of py, p1, and p, will now be
discussed, beginning with the time dependence po(¢).

C. Time Dependence

In selecting a form for pg(¢) the goal is to find a functional form
that has a simple Laplace transform, if possible, and which repre-
sents a physical impact in a realistic way. The time dependence of
a strike event should emulate an impulse function but be physically
reasonable. Exponential functions have simple transforms and can
be tailored to exhibit the steep rise and fall associated with an impact.
These remarks suggest the choice

pot) = Koe M=l 19
where M > 1, Ky >> 1, and #, > 0 represents instant of impact ini-
tiation. Expression (19) represents a forcing term concentrated at

fo, of duration inversely proportional to M, and magnitude Ky. The
transform of Eq. (19) is

o510 e~ _ e—Mto
P, = K, 20
0(s) 0 (M s + ) (20)

M—s
Now the inverse transform of Py(s)/ (s> + s + I;,) in Eq. (18) must
be computed, and for r > 0 is
1 ( Po(s) f = KoH( — e itor
(s2+as + b) (M?>+aM + b)) (M2 — aM + b;)

y { (M2 + by) sin[ By (1 = 10)]

— — aM cos[By(r — zo)]}
B,

+ R, 1, 1) @y

where H (z) is the heavyside step function [H(#) = O for¢ < 0 and
H(t) = 1fort > 0] and where R(t, 1y, [) is given in the Appendix
[see Eq. (A4)]. The function R(¢, #y, [) contains essentially subdom-
inant terms, which, in the interest of simplicity, is not presented in
Eq. (21). One sees in Eq. (21) that @ = ¢/2ph is the damping term
whereas By, defined by Eq. (17) and given additionally by

., Dt c? 1
2 __ T4 _ 2
B = R T (4Dmph —*)  (22)

is the Ith natural frequency of the damped plate.'® In order that B, be
real valued it is necessary that ¢ < (4Dt ph)'/?, which constitutes
a physical limitation on the damping constant c.

Although Eq. (21) may appear to be complicated, it can be eval-
uated very quickly by computer since all its elements are built-in
functions. In fact, it allows, one to quickly generate a graph of the
plate response with very small time steps and a large time range.

D. Spatial Dependence

In Eq. (18) there remains only the term b; to discuss. By Eq. (13),
b; depends solely on the p;(x)p,(y) terms and thus constitutes the
spatial dependence of the forcing term. In this analysis the spatial
dependence will take the form of uniform pressure exerted over a
small rectangular area. Specifically it will be assumed that

) =K 1, |x — xol < ap
x) =K, .
h 0, otherwise
: | Y (23)
) Y — Yol < bo
= K|
P20) b { 0, otherwise

where K, and K, are magnitude constants and (xg, yo) is the center
of the impact area consisting of the rectangle xy —ay < x < xo+ay,
¥o —ap < x < yy+ag. The form of Eq. (23) is advantageous in that
the coefficients b, can be calculated in relatively simple closed form.
In Eq. (23), (xg, yo) will range over the plate whereas ag and by will
be kept small. Assuming a rectangular impact area should not be
a source of concern in modeling global plate response, because by
the St. Venant’s principle the specific local strain patterns have little
effect on the overall displacement at points (x, y) sufficiently far
removed from (xg, ¥o). On a multisensory plate one is assured that
the majority of sensors will be remote from the impact point. The ex-
plicit form of b; under assumption in Eq. (23) can be calculated to be

oo o
bi=@b)" Y > " ALY puan @4

m=1n=1

where
2a Ka Cm €EnXy €490
Pm=———" Yom >
€m a a
ZbeDn € Y0 6,,b0
gn = ——— Y, T
€, b b
and

¥ (z, 8) = [cosh(z) — o sinh(z)] sinh(s)
— [cos(z) — o sin(z)] sin(s)

with C,, and D, given by Eq. (6). The expression Eq. (24) is valid
when the eigenfunctions are normalized according to Eq. (10). The
series in Eq. (24) will, of course, be truncated to a range compatible
with the system in Eq. (9). Typical programming routines for find-
ing the eigenvalues A; and eigenvectors AY return the eigenvectors

mn

normalized according to Eq. (10); see Ref. 18.

E. Expression for Strain
The strain at a point in the deformed plate can be determined
directly from the deformations by!?

1 8%w
o =——h— 25
€ 2 9x? @5
and R
1. d*w
€yy = —E —a—)-}-z— (26)
3w
ey = — 27
Yoy dxady @7

where # is the plate thickness. Note that strain transducers provide
a signal that is proportional to the strain averaged over the sensor
gauge length. The average normal strains are given by

' 1 2 32w 1 |ow xz
€xx = —=h —x,y)dx = —-h| —(x, 28
€ /x ez &) 5 [ax (x )’1)] 28)

2 . X
1 7 52 1 [ow 7

&y =—=h 7@ ydy= ——h[—(xl’ y)] 29
»y 2 /):1 ay2 2 ay "

where (x2, y;1) and (xy, ¥;) are the sensor end points and €, and €,
are the average strains. The expression for dw/dy and dw/dx are
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available from Eq. (18) by ordinary differentiation and, in fact, the
expressions for local average normal strains at a given sensor are

_ 1 & b Py(s) dw; 2
Exr = —=h LY ——— )| — (=, 30)
2 ;ph (s2+as+b, ax & . (

and
o

) 1 b, Py(s) dwy(xi, y) |
Eypy = ——h —L — t) 31
» 2 th (s2+as+b,)( [ ay GD

I=1 N

where

8w1 oo oo
2 AD X! ()Y,
= ,,;; O X! ()Y () (32)
and
dw, [
= AL X! ()Y () 33)

The ordinary derivatives X, (x) and Y, (y) can be found in closed
form from Eq. (3). As an example, the formulation for the average
strains already given can be used to predict the average strain loca-
tions of a 0.66 x 0.41 m, 1.57-mm-thick rectangular aluminum plate
subjected to transverse impact. A schematic of the plate is provided
in Fig. 1, which also shows the locations of four sensors oriented in
the y direction and the location of the impact event. The pertinent
plate material properties are p = 2752.3 kg/m®, E = 70 GPa, and
v = 0.30. Figure 2 shows the strain responses of the four sensors

|<——— 0.66 m

1 Sensor Il Sensor 1V || —_
» - (%,y)=(0.066 m, 0.369 m) [
041 m 0273 m
I Sensorl Sensor 111 I —l—

| ——— 0527m !

y
. - Impact Location for Strain Data

X shown in Figure 2
I - Sensor Locations

Fig.1 Aluminum plate test specimen, 1/16 in. thick; sensor and sample
impact locations shown.

10+ Strain for Sensor i x 10 Strain for Sensor IV

X

|

[¢] 0.2 0.4 0.6 0.8 0 0.2 0.4 0.6 0.8
TIME (seconds) TIME (seconds}

Strain (micrometers/meter)
(=]

Strain {micrometers/meter)
\ =

x o Strain for Sensor | x 10 Strain for Sensor lli

Strain (micrometers/meter)
\ o

Strain (micrometers/meter)
(=]

0 0.2 0.4 0.6 0.8 [ 0.2 0.4 0.6 0.8
TIME (seconds) TIME (seconds}

Fig. 2 Strain history at each sensor location for the first 0.8 s after
impacting the aluminum plate at the coordinates shown in Fig. 1.

for the impact shown in Fig. 1. Notice that they all show appropriate
initial impulse followed by damped vibrational behavior.

III. Impact Location Technique

Examination of the plate dynamics model embodied in Eqgs. (30)
and (31) showed that the deformation in the plate at the sensor loca-
tion is governed by the sensor location (encoded in w;) and the im-
pact location (encoded in b;). Note that Egs. (30) and (31) can not be
directly inverted to find the impact location because b; results from
nonlinear functions; however, it is possible to train a neural network
to invert the system provided appropriate input—output relationships
are identified. The idea of providing the entire time-domain response
as variables was quickly discarded as this would require as many
inputs as there are time steps. Instead, it was realized that the plate
response could be compressed into a discrete set of modal discrip-
tors derivable from the frequency response of the plate. Examples of
these descriptors are the frequencies and amplitades, which could
be used in series form to reconstruct the entire time-domain re-
sponse if desired. As a result, various characteristic descriptors of
the frequency response of the impacted plate will be used to locate
impact events. Note that time-of-flight data could be easily used as
input data.® The present approach is adopted because it is believed
that impact energy can ultimately be determined using modal data
as inputs. Time-of-flight data do not provide this option.

The analysis of the series solution Eq. (18) was discussed in
the Laplace and time domains; however, as the argument presented
earlier points out, it is convenient to collect data in the form of
the Fourier transform of local average strain. This is precisely the
form of data associated with a sensing section of optical fiber whose
signal is submitted to a fast Fourier transform. This scenario of local
average strain will be adopted for the remainder of this paper.

A. Fourier Transform of Average Strain
Since it is the Fourier transforms of Eqs. (30) and (31) that serve
as data, one must transform these equations, or specifically the term
LY Py(s)/(s* + as -+ b](¢). Fortunately, advantage can be taken
of the fact that this expression is already a (Laplace) transform.
Let w(x, y, ) be the Fourier transform of u(x, y, t),

wx,y, w) =Flwkx,y, Hl(w) = / w(x, y, t)ej“" dt (34
and let
Fo)=L"! [&:}(r) (35)
s2+as+b
so that
=\ b
DOy, @) = LFREO@wy (66

=1

Since F;(t) = 0 for ¢ < 0, by definition of the Laplace transform,

FIF(®)](w) =/ e’ dt = LIF(0)](—jo) €0

0

i.e., the Fourier transform is the complex Laplace transform. Then
by Eq. (35)

FIF(0)](@) = [—Zi@—]
sttas+b .,

P—i
_ . . (—jw) 3%)
—w* = (cjw/poh) + (D7/ph)
where Py(s) is given in Eq. (20). Performing the algebra in Eq. (38)
one finds that

FIF()](@) = Ri(®) + jL(w) (39

where the real and imaginary parts R;(w) and I;(w) are (compli-
cated) expressions given in the Appendix; see Eq. (AS). Making
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contact with Egs. (30) and (31), the Fourier transform of integrated
strain in the x and y directions is thus given by the quantities

B} A by .
F@E ) (@) = —3; SFRI@ + i)
] 0
x [ (2, 71) — ==, yl)] (40)
0x ax
F(E,)( )——ﬁiﬂm( )+ j1(@)]
Ep (@) = 2 2 o H{w) + jIi(w)
a ]
x[ 2 (%1, y2) — ﬂ(xl,yo] @1
dy dy

where it is assumed that the sensor occupies the linear segment from
(x1, y1) to (xy, ¥2). The amplitude, or real and imaginary parts, of
F(€,,) and F(€,,) follow easily from Eqgs. (40) and (41). It should
be mentioned that the expressions for R;(w) and I;(w) consist of
closed-form built-in functional evaluations and thus permit efficient
numerical computation.

B. Neural Network Training

An artificial neural network operates on the basis of a fixed num-
ber of input and output processing elements, or “neurons,” connected
by hidden layers of other neurons. In the case at hand, an integer
N will be selected to represent the number of natural frequencies
A, A2, ..., Ay to be used in the analytical model. It will be assumed
that four sensors are mounted on the plate so that strain information,
in the form of Egs. (40) and (41) or otherwise, will be available at
four pairs of points (x, y), and at any frequency w, when an impact
occurs at an arbitrary point (xg, yo). For a given impact at (xq, yo)
one could select, for example, the modulus of Eq. (40) at each of
the first N frequencies «; = By, 1 <[ <, N, and at each sensor
location for a total of 4N inputs. The outputs will be the coordinates
x¢ and y, of the impact point. If, for instance, the first 16 harmonics
are used and there are 100 strike points (xo, yy), then the input layer
will contain 64 elements, the output layer will contain 2 elements,
and thus the training file will run to 6600 lines; each of 100 training
episodes will evaluate 66 processing elements. The number of hid-
den layers, and neurons in each, can be determined by experience.
In practice it is usually not necessary to use more than one or two
hidden layers.

A neural network learns by repeated iterations through the train-
ing file. In most neural network scenarios, connecting weights be-
tween neurons are adjusted after each training cycle. However, in
cumulative back propagation neural networks, weights are adjusted
after several training cycles called epochs. For problems of the type
described here, the number of iterations required to reduce the rms
error to a few percent typically runs into several tens of thousands,
depending on the network architecture and software type. On a desk-
top computer with a 486 or better coprocesser, it would not normally
require more than about 5—~15 min to run through 50,000 iterations.

Finally, it is worth mentioning that an additional important moti-
vation for using neural networks for signal processing lies in the un-
certainty of amplitude constants such as K, K,,, and X, in Egs. (19)
and (23). On the one hand, it would be difficult to know precise val-
ues to assign these and other physical constants associated with the
plate; on the other hand, their values do not affect the training and
performance of the network. Indeed, the network trains on the basis
of relationships between input and output, the specific dynamics of
which will not be germane, and performs on the same basis. Specific
values of constants affect only the scaling of relationships and will,
thus, not affect training, as long as the scaling is uniform. This makes
physical sense and is analogous to the fact that a working physical
detection system would not depend on, for example, a particular
scale signal amplitude but rather on the relative values correspond-
ing to separate events. For this reason amplitude constants in the
analytical model may be set at convenient, arbitrary levels.

C. Training and Testing Results

The test article used to design and test neural network-based im-
pact location methodologies is the clamped rectangular aluminum
plate shown in Fig. 1. The sensor locations in Fig. 1 were chosen
after viewing the first 16 mode shapes. Care was taken so that the
sensor did not fall on any nodal lines so that the information content
of strain signals could be maximized.! The Neural Works Explorer
software package, which provides many neural network paradigms,
is used to implement the impact detection approaches. After tri-
als with different paradigms, it was discovered that the error back-
propagation algorithm provided the fastest convergence and lowest
error for damage location detection. The impact location techniques
thus far explored include using magnitudes of frequency response
data evaluated at the plate modes, the real and imaginary parts of fre-
quency response data evaluated at the plate modes, and the real and

_ imaginary parts of the fast Fourier transform (FFT) of strain inte-

grated over a preset frequency range. In each case, parametric studies
were performed to determine the optimum number of plate modes
and impacts needed for training nonetheless still providing accurate
impact location predictions. This information is important from an
experimental expense point of view. Note that for brevity, only de-
tailed results for the number of impacts used in training is provided.

For the magnitude data, a set of input processing elements (nodes)
equal to the number of plate modes multiplied by 4 (representing the
number of sensors) were used. A hidden layer containing one-half
the number of input nodes was used. The output layer contains only
two nodes, to determine the damage location coordinates. For the
paradigm that uses the real and imaginary parts of the frequency
response, a set of input nodes equal to the number of plate modes
multiplied by 2 (real and imaginary parts) multiplied by 4 (repre-
senting the number of sensors) was used. Again, the hidden layer
numbered one-half of the input layer, and the output layer contained
only two nodes. For the paradigm that uses the integrated Fourier
transform of strain data, two inputs for each of the four sensors
(real part of Fourier transform integrated over frequency and imagi-
nary part of Fourier transform integrated over frequency) were used.
For this paradigm, two training techniques were attempted. These
methods used one hidden layer and two hidden layers, respectively.
The networks using one hidden layer contained 16 nodes, and the
two hidden layer networks used 16 nodes in the first hidden layer
and 8 nodes in the second hidden layer. In almost every case, the
two hidden layer networks outperformed the one hidden layer net-
works, with a lower overall rms error. In each case the output layer
contained two nodes for impact location detection.

Training the neural networks was accomplished using two differ-
ent parametric study techniques. In the first technique, the training
sets were equal grids of impacts in the x and y directions (i.e.,
9 x 9,8 x 8§, etc.). These impacts were equally spaced on the
plate (e.g., for the 9 x 9 grid, Ax = 0.066 m, Ay = 0.041 m)
to provide maximum coverage of possible outcomes. The second
technique uses the physical dimensions of the plate as a guideline
for the number of training impacts. Since the width of the plate is
approximately 150% of its height, impacts were generated in a 3:2
ratio (width:height). The training sets varied from 6 impacts (3:2) to
70 impacts (10:7). The training set must be sufficiently large for the
network to learn the patterns it is taught (generalize). If the training
set is not large enough, the network will never converge to a global
error minimum or the global error minimum will be too high for
practical use. If the training set is too large, saturation will occur,
and the network will not converge to a global error minimum.

The test data set used to evaluate the impact location detection
approaches contains 100 randomly generated impact locations. The
random nature of the testing ensures an accurate method of checking
the ability of the networks to generalize. The following expression
for rms error criterion is used to provide a quantitative metric of the
three proposed impact location approaches:

s = ;1; D o[ —x2+ -]

i=1

where n is the number of test impacts, x and y are the exact impact
coordinates used in the analytical model, and x; and y;, are the neu-
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Fig.3a rms error using training grids with an equal number of impacts
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Fig. 3b rms error using nonuniform training grids.
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Fig. 4 Sample plate showing coordinates of simulated impacts and
their corresponding neural network solutions; the input data used to
train the network were the FFT of strain data using the first 10 harmonic
natural frequencies: », actual coordinates of impact; +, neural network
solution; B, sensor placement.

ral network solutions for the impact coordinates. Figures 3a and 3b
show the computed rms error for each impact location paradigm
as a function of the number of impact events used during train-
ing. Figure 3a corresponds to using # x n grids for training impacts,
whereas Fig. 3b corresponds to using nonuniform training grids. The
horizontal axis is chosen to be the number of impacts required to
train the network in order to determine the minimum required train-
ing set. This is important because experimental training is a time
consuming process. These figures show that in each case the mag-
nitude of the frequency response evaluated at the modal frequencies
generally performs the worst (this is particularly evident in Fig. 3b).
The remaining approaches exhibit roughly equal performance. One
important finding of these figures is that the training pattern that
conforms to the plate geometry reduces the error of impact location
prediction by 20-30%. The final important finding of the data in
Fig. 3 is that the integrated FFT data performs as well, or better than,
the other techniques that were evaluated. This is important because
the integrated FFT approach requires only two inputs per sensor,
thereby reducing the complexity of the neural network paradigm
and the required sensor data processing and formatting. Note that
the number of sensors has not changed for each case, just the way in
which the sensor data is utilized. Figure 4 shows a sample plate with
locations of actual impact and those predicted by the neural network
using the real and imaginary parts of the integrated FFT of the strain
data. The integration range included the first 10 modes of the plate

Q2 Q4
2 sor 11 oy 4
oseﬂi% o o o o Sul&(u IVO
o] o] e} O o] o] O O
o o o o o o o o
>—0—o——8 e—o
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Fig.5 Sample plate showing the actual and extrapolated impact loca-
tions created by taking advantage of the plate’s symmetry and perform-
ing only 20 actual impacts for a 63 impact training grid: o, extrapolated
impact locations; e, actual impact locations.

response. The average rms error of 8 mm per impact location results
because the neural network paradigm provides an approximation to
the physical system. When viewing Fig. 4 recall that the data used for
training the neural network are symmetric with respect to the plate’s
centerlines, however, the testing data set is not. Each neural network
is tested on a set of 100 impacts using random coordinates, so the 9
shown in Fig. 4 represents only a small subset of the test impacts.

Since the test specimen is symmetric, the possibility does exist of
using impact data from only one-quarter of the plate. As a test of this
idea, a neural network that uses data from 63 impact locations will
be retrained using data from the 20 true impact locations, shown in
Fig. 5. These data are then mirrored-extrapolated to the remaining
43 points on the plate. The neural network that used 63 actual impact
locations for location detection had an rms error of 0.822 radial cm.
The neural network that used 20 actual and 43 extrapolated impact
locations for location detection had an rms error of 1.2045 radial cm.
This shows that the neural networks can be trained to determine
impact location by extrapolating data for the other three-quarters of
the plate at the expense of slightly greater error.

One of the motivations for investigating neural network-based
impact location was that this approach offers the possibility of de-
termining some metric of impact energy. This can be accomplished
by training the second neural network paradigm with the same im-
pact locations as the first, but with varying impact magnitude levels.
If the neural network responsible for impact location was trained
using N impact locations, the magnitude detection could be done
by choosing n impact magnitude level increments and training the
magnitude of impact neural network on n x N impacts. For every
one impact location that the location neural network trains on, the
magnitude of impact neural network trains on n impacts in the same
location, with each having different impact magnitudes. The ma-
jor problem with this method is that training impacts could easily
exceed 1000, making this process extremely time intensive.

To verify this concept, a total of eight neural networks were
trained as a preliminary test. Each neural network had 10 input
processing elements, 7 processing elements in the first hidden layer,
3 processing elements in the second hidden layer, and 1 output
processing element. The input data were the integrated real and
imaginary parts of the FFT of strain data, evaluated over the first
five modes, and the output was the contact pressure level which
corresponds to the maximum amplitude of the force input to the
analytical model for impact transverse events. Of these eight neu-
ral networks, four used a 40 impact training grid and four used a
63 impact training grid. For each training grid configuration, neu-
ral networks used 5, 10, 15, and 20 impact magnitude increments
equally spaced between 5 and 50 MPa.

To quantitatively estimate the performance of these networks, an
rms error was defined as follows:

E s (%)

>

where pressure (actual) is the contact pressure loading input to the

tual) — d
pressure(actual) — pressure(computed) % 100

pressure(actual) -
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Fig. 6 rms error for 40 and 63 impact training grids, using 5, 10, 15,
and 20 impact magnitude increments spaced equally between 5 and
50 MPa.

impact model and pressure (computed) is the contact pressure cal-
culated by the neural network.

Figure 6 shows the percent rms between the actual and computed
pressures on the vertical axis, which is plotted against the number
of impact magnitude levels on the horizontal axis. In each case, the
testing file contains 100 impacts with random location and random
impact magnitude varying from 5 to 50 MPa. The results in Fig. 6
indicate the general trend that the 40 impact training grid has less
error than the 63 impact training grid, regardless of the number of
impact magnitude increments. The minimum error for all neural
networks tried is the network using a 40 impact training grid and
20 impact magnitude increments. The rms error for this case was
7.08%. This is promising, but performing 800 experimental impacts
would be too time consuming for practical use. Perhaps this method
could be used if the number of impacts can be reduced to a rea-
sonable amount. Another possible method of impact location and
impact magnitude detection involves using a neural network that
simultaneously estimates both of these output parameters, but this
idea is yet to be tested.

IV. Discussion

This paper has detailed a mathematical model of the time-
dependent response of a fully clamped, isotropic, homogeneous,
linear elastic rectangular plate to transverse impact events. The de-
tails of the time and space dependence of the impact force are relaxed
slightly to obtain a closed-form solution. This solution is then used
to generate simulated sensor response data that are used in evaluat-
ing potential neural network-based impact location methodologies.
The most successful impact location methodology uses FFT of the
strain integrated over frequency. This impact location methodology
is now a prime candidate for the experimental implementation we
are currently undertaking. There are many implementation issues
regarding the purpose of impact detection approach that are best
understood through experiment. These include the influences of 1)
boundary conditions that evolve over time, 2) sensor type and gauge
length, and 3) noise and experimental error. Clearly the boundary
conditions in any structural system will evolve with time and will
result in a modified modal response, which in turn would change
the overall predictive capability of a neural network trained based
on virgin conditions. Similar comments could be made for nonideal
boundary conditions as well. This may then imply that any neural
network-based damage detection methodology may require an “con-
tinuing education” in reference to the undamaged modal response
of the structure. The degree to which systematic noise will inhibit
the neural network training can be addressed on a heuristic level.
Clearly, the quality of the data used in the training set will govern the
overall accuracy of the impact detection methodology. However, the
noise levels present in any measurement can be modified through
appropriate choice of filters or sensor types. The degree of requisite
postprocessing will depend on everything from the quality of the in-
stramentation to the aptitude of the experimenters. As an example,
initial tests using resistance strain gauges with no postprocessing
have proven capable of locating impacts within an rms error of 8 mm.

Appendix: Expanded Solutions

A. Characteristic Matrix
With X,,(x) and ¥,(y) defined by Eq. (3), let!’

0
H,, =af X)X, (x)dx

0

b
Kim = b/ Yi»Y, () dy
0

and then
a, a, 2a )
_ 56 + 77 €k + "I;’Hikam (m,n) =@, k)
Cit = (A1)
2a ,
7Hikan: (m,n) # (. k)

In practice Eq. (9) will be truncated to the form

my 1y

DN (k- nst YAl =0 (A2)

m=1n=1

with the understanding that &; = A" and that A]*"™ approaches
the correct eigenvalue as myg, ny, — oo. This convergence is in fact
quite rapid,'” and it is usually not necessary to use more than about
a4 x 4 version of Eq. (A2). In the case that my = ny = 2, Eq. (A2)
becomes

(Cl} = 2)An + CAR + Cyl Ay + ClAp =0
CliAn + (C5 — 1) A+ CJi Ay + CAn =0
21 21 21 (A3)
CHAN+ CHAR(CH — 2) Ay + CHAn =0
CBAn+ CHAn + CAn + (C5 —1)An =0

Typical software packages include the option of normalizing the
solution of Eq. (A3)!® to the form of Eq. (10).

B. Time Dependence
In Eq. (21) the full solution is

2KoH (t — ty)et—0)/2 [(M2 + by) sin[ By (1 — to)]

(> +aM + b)) (M —aM + b)) B
_ ~ KoeMi—w)
—aMcoslBi(t — )] | + —%—— 1 — H( — 1)]
M2 + (ZM + b/

Kpe—M@E—t0) Koe~Mtg=dt/2
—(}E__”TH(t - 1) — ~L~——e—-——~
M2 —-aM + b M?24+aM + b
M + d/2) sin(Byt -
x I:%)__li(._l_l + COS(Blt):I (A4)
4

so that R(¢, 1, [) represents the last four terms in Eq. (A4). Note that
the growing exponential e¥ =" is annihilated by 1 — H (¢t —#,) = 0
for t > . All of the terms in Eq. (A4) are quickly evaluated by
computer.

C. Fourier Transform of Strain
It can be calculated that the real and imaginary parts R;(w) and
I;(w) in Eq. (39) are given by

M[w? — (D7/ph)][eM0 — 2 cos(wto)]
M2+ o) {[w? = (DT /ph)] + (2w?/ o2}

Ri(w) =

~ (cw/ph)[we”"' +2M sin(wto)] (A5a)

M2 + o) [w? — (Du/ph)]” + e/ ph2)
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and
(coM[ph)[ e~ — 2 cos(wty) |

M2 + o)) [0? = (Du/om] + (202 ph)

Ii(w) = —

[0 — (D7 /ph) ] (we™ +2M sin (wiy))
M2 + o) [0? = (Du/oh)] + (Eo?/p*hD)}

Once again, the terms in Eq. (AS5) are uncomplicated for a high-
speed computer.

(A5b)
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